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Suppose A and B are groups, and C = A n B is a subgroup. We can then 
form 
G=A*B, 
c 
the free product of A and B, amalgamated along C [ 1, p. 291. In this note, I 
want to record a theorem which has been of use in establishing the 
uniqueness of the Fisher-Griess group F, [2] and the Janko group J4 [3]. 
For this purpose, A and B are taken to be finite groups. 
If a and p are complex-valued characters of A and B, respectively, let 
~~(01, /I) be the family of CG-modules M such that M], and M], afford a and 
/I, respectively. 
In order for ~.(a, /I) # 4, it is necessary and sufficient that CL Jc = /31c ( = y, 
say), and I assume that this condition is satisfied. The object is to 
parametrize the isomorphism classes in m(a, /I), in order to obtain a criterion 
for ,m(a, /I) to consist of a single isomorphism class. 
Let a( 1) = m, so that each element A4 of m(a, ,fI) has dimension m, and 
gives rise to a matrix representation 
P,,, : G + GL(m, C). (1) 
Take fixed matrix representations of A and B which afford a and /I, respec- 
tively; call them c and r, so that 
u : A + GL(m, C), 
z : B - GL(m, C), 
Tr o(a) = a(a), UEA, 
Tr z(b) = P(b), b E B. 
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nd we choose O, r so that 
ith this notation, let D, E, and F be the subgroups o 
centralize B(C), a(A), and r(B), respectively. Since C = A 
(m, C) whit 
we have 
Now suppose we are given PM in (I) with A.4 E ~?(a, p). Then there are 
elements U, V of GL(m, @) such that 
P,,(a) = u-‘o(a) u3 wEA, 
(3) 
PM(b) = V-%(b) V, b E , 
Changing our initial basis for M, we may assume that U= 1. With this 
normalization, the restraint on V is simply 
VED, 
since 5 and r agree on C. Now suppose M’ E ~(cr, /3), and 
PM/(U) = +>, aEA, 
(5) 
P.,,(b) = V’-%(b) V’> b E 
Then A4 and M’ are isomorphic @G-modules if and only if there is 
XE GL(m, C) such that 
P,,(a) = X-‘P,(a) X, CZE’A, (5) 
P,,(b) = X-‘P,(b) X, b E m 
From (6), (5), and (3) (with U = l), we get 
X E E, 
while from (7), we get 
V’-%(b) V’ =X-‘V-%(b) VX, b E 
which means that 
vx-‘V-l E F. 
We conclude that V’ E FVX, so that V’ E FVE. Conversely, however, if &/6 
V’ are in the same (F, E)-double coset of D, the above relations show 
MZ M’. Hence. we have 
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THEOREM. The isomorphism classes in m (a, p) are in l-l correspon- 
dence with the (F,E)-double cosets in D, where D, E and F are the 
centralizers in GL(m, C) of o(C), o(A), and z(B) respectively. There is 
precisely one isomorphism class of modules in PZ(CI,/~) if and only if 
FE=D. 
As an application of the theorem, we may take A to be the centralizer of a 
suitable involution, and B the normalizer of a suitable four-group of the 
Fischer-Griess group F,, in such way that if C = A n B, then for a suitable 
irreducible character x of F,, we get 
xlc* i Yi, 
i=l 
where yi are irreducible characters of C of degrees 98,304, 49,152, 48,576, 
552, 23, and 276. So D is the set of 6-tuples 
1 = (a,, a2 ,..., aQ) 
of nonzero complex numbers. Then 
E= {(x,Y,Y,Y,z,z)Ix,Y,z~C~}, 
F = {(t, t, u, v, w, v)l t, u, v, w E Cx }. 
If we set 
x=a;la,, y= 1, t=a,, u=a,, 
v =a4, z = a;’ a6, w = a,a,a; ‘, 
thenr=(x,y,y,y,z,z)EE,r=(t,t,u,v;w,v)EF,andrr=n. 
For the second application, we use an irreducible character x of J4 of 
degree 1333. There are subgroups A of type 2”L,(2) and B of type 
2 l1 . 24 . A, such that if C= A nB, then xjc = x4=, yi, where the yi are 
distinct irreducible characters of degrees 45, 448, 420, and 420. Here, D is 
the group of 4-tuples 1= (a,, a*, a3, a,) of nonzero complex numbers, while 
E= {(x,Y,x,Y)Ix,YE C”h 
F={(z,t,~,u)~z,t,uEC~}. 
Setting 
x= 1, y=a;‘a,, z=a,, 
t = a2a3aT1, u=a3, 
wehavec=(x,y,x,y)EE,q=(z,t,u,u)EF,and&=d. 
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In the first example, the G-algebras gen 
dimensions 6, 3, and 4 while in the second, 
The explicit proof that EF = D can be avoided b 
easy result: 
Suppose R = G” (as a ring), and S and 2’ are ras of di~e~~~o~~ 
s and t, respectively such that S n T = tC . 1, an s+t=n+ 1. -l-hens 
RX =sx. TX. 
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